Induction hardening of gear wheels is modeled. The model consists of two nonlinear partial differential equations describing the distributions of magnetic and temperature fields in the system. All material parameters are supposed to be functions of temperature. The model is then solved numerically in the 3D hard-coupled formulation using the professional code FLUX3D supplemented with a number of own scripts and procedures. The methodology is illustrated with a typical example whose results are discussed.
Introduction
Induction hardening is a heat treatment process whose purpose is to bring about local changes in the crystalline structure of surface layers of steel bodies resulting in their higher hardness [1] [2] [3] . The required external parts of the body are first heated somewhat above temperature Ac 3 securing their uniform internal austenitic structure. Then, after optional homogenization of their temperatures (on the order of seconds or less), the body must be intensively cooled in a suitable quenchant (water, spray, oil or polymer liquid). The result is a harder, but more brittle martensitic structure of the hardened layers. The structure of the other parts of the body (its interior) remains practically unchanged.
The principal aspects of the process can be explained in terms of Figs. 1 and 2. Fig. 1 shows several curves (full lines) of cooling of a typical carbon steel (50 CrMo 4) from the starting temperature T start exceeding the value of Ac 3 . Hardness HV (here given in Vickers) is a function of the time t c of cooling to the temperature T finish below the martensite temperature M s . The higher the velocity of cooling, the harder the structure we obtain (see the leftmost curve). The other curves (in the right part of the figure) pass, however, through the area of bainite (B), pearlite (P) or ferrite (F), which leads to an incomplete hardening process.
The same can be seen in Fig. 2 that can be derived from Fig. 1 . The resultant hardness obviously decreases with the time of cooling.
The process of heating itself may be realized in two basic ways, namely by means of gas or electricity. This paper investigates the process of hardening of a gear wheel where heat is produced by magnetic induction. Its advantages are summarized, for example, in [4] [5] [6] [7] [8] . It provides a lot of variations, such as hardening by parts (several teeth at a time), spin hardening (simultaneous hardening using a ring inductor) and also heating by two frequencies, which allows obtaining the required temperature profile in particular teeth with a substantially higher accuracy. Modeling of the process is an essential prerequisite for the anticipation of numerous mechanical properties of the gear wheel in the stage of design. Nevertheless, it is still a challenge. From the physical viewpoint, induction heating is characterized by a mutual interaction of the magnetic and temperature fields influencing one another through the physical parameters (electric and thermal conductivities, magnetic permeability, heat capacity or specific mass) of the heated material, that are generally nonlinear functions of temperature. Another problem is that the austenitization temperature Ac 3 generally depends not only on the chemical composition of the processed steel, but also on the velocity of heating (higher velocity of heating results in the growth of Ac 3 , as is shown in the diagram for typical CrMo steels in Fig. 3 ). Further difficulties accompany the modeling of the process of cooling: merging of the hot work-piece into the quenchant first results in the production of a thin vapor layer around the work-piece and the relevant heat transfer is governed by the convection and conduction of heat through this layer. In the subsequent phase, the principal role is played by the heat conduction between the work-piece and quenchant and, finally, after vanishing the vapor layer by the direct heat convection between them. All these mechanisms of heat convection and conduction are extremely uneasy to quantify. That is why the process of cooling is mostly modeled by a generalized convection (substituting both the real conduction and convection) whose coefficient depends on the actual temperature of the surface of the work-piece.
Although the heating of gear wheels by induction was proposed and tested already in the thirties of the last century [9] , its parameters were recommended for a long time only on the experimental basis. Numerical and computer modeling of the typically 3D process started developing only in the late nineties and even so, the first attempts were based on strongly simplified non-realistic 2D models. The significance of these pioneering works did not consist in the results achieved, but just in showing the ways of further research in the domain. More sophisticated and also more realistic 3D models started appearing only several years after. First, they also suffered from numerous simplifications (such as simplified geometries or independence of the physical parameters on temperature). That is why the relevant works were usually published in the form of conference presentations and not in scientific journals. For example, [10] deals with the process where heating is divided into two periods (the first one is characterized by a middle frequency, the second one by a high frequency) in order to obtain the required hardening pattern. Another paper [11] deals with a very short (pulsed) process using high power delivered to the tooth. While the electromagnetic field is solved in 3D, the temperature field only in 2D, neglecting the axial transfer of heat. Paper [12] summarizes knowledge about the spin hardening of the gear wheels (the wheel is heated simultaneously by a ring inductor in order to reach a uniform temperature around its contour), but without any description of numerical modeling of the process and [13] refers to other (but not numerical) aspects of contour induction heating.
Just three very recent works represent the latest achievements in the domain. Paper [14] describes a fully 3D model of the system. In the period of heating, magnetic field is solved using T −T 0 −Φ formulation and computation of temperature field respects the temperature variations of the material parameters. The author supposes to deliver a very high power in order to heat the wheel in the time on the order of one tenth of a second. The results are realistic and the time of computation of one case does not exceed 1 h. In [15] the magnetic part of the problem is solved using the magnetic vector potential formulation. Some results are verified experimentally. Finally, [16] solves again a similar dual-frequency problem starting from the magnetic vector potential formulation. Attention is paid to optimization of the discretization mesh in order to minimize possible inaccuracies in the results due to high frequency applied in the second step of heating. The time of heating is on the order of seconds. The authors of this paper have been dealing with modeling of induction surface hardening for many years, using different numerical tools for the calculations. Some examples are presented, for instance, in [17] [18] [19] . The goal of the paper is to open a new issue connected with the process, namely the sensitivity analysis of the results, i.e., their dependence on particular material parameters. As known, these parameters as functions of temperature are usually obtained by measurements and the accuracy of such measurements exhibits uncertainties caused both by the differences in the chemical composition of materials and measurement methods themselves. In many cases, such uncertainties reach even more than 5%. Consequently, the real temperature profiles may differ from the modeled results. From this viewpoint it can be interesting to assess the maximal values of these differences and parameters with the highest influence on them.
Formulation of technical problem
The task is to propose an appropriate regime of hardening of a gear wheel for automotive industry, whose shape is depicted in Fig. 4 . The wheel with 41 teeth is made of carbon steel 50 CrMo 4 intended for quenching and tempering.
The chemical composition of the above steel is as follows: 0.46%-0.54% C, 0.50%-0.80% Mn, 0.035% P, 0.035% S, 0.4% Si, 0.90%-1.20% Cr, and 0.15%-0.30% Mo. The modified temperature Ac 3 = 798°C (which corresponds to the assumed time of heating t h on the order of seconds) and M s = 300°C.
Geometry and basic dimensions of the wheel are depicted in Fig. 5 . Its rightmost part shows a detailed view of one tooth with four zones decisive for the required hardness profile. The zone A is thin (0.26 mm) and represents the domain that is to be fully hardened. The operation conditions of the gear require that its hardness must reach 613-720 HV. The zone B is the transition zone and its hardness must lie below 720 HV. The zone C represents the core, whose hardness must be below 498 HV and, finally, the zone D is the base material and its hardness is required to be below 266 HV.
The massive inductor has a circular shape and during the process of heating, the wheel is placed inside it -see Fig. 6 . In order to reach a good hardness pattern as possible, the wheel is heated by magnetic fields of two frequencies. The starting frequency 10 kHz is used till the temperature of the zone A exceeds the value Ac 3 . Then, after switching the sources, a higher frequency of 100 kHz will be used for reaching a uniform temperature profile along the whole contour of the wheel (mainly the tips and roots of teeth). Finally, the wheel is cooled by a spray containing an appropriate polymer liquid.
The aim of the paper is a complete mapping of the process of hardening and to investigate the influence of the most important material parameters on its time evolution.
Continuous mathematical model of the problem and its solution
The continuous mathematical model of the process consists of two nonlinear partial differential equations describing the time evolution of the magnetic and temperature fields in the system.
The magnetic field generated in the system by the inductor may be described in terms of magnetic vector potential A obeying the equation [20] curl
where γ is the electrical conductivity, µ denotes the magnetic permeability, and J ext is the field current density (that is nonzero only within the inductor). A sufficiently distant artificial boundary is described by the Dirichlet condition A = 0.
Unfortunately, a solution to (1) in 3D is still practically unfeasible. The main reason is the disproportion between the frequency of the field current and time constant of heating. That is why the model was somewhat simplified assuming that the field quantities are harmonic. Then it can be described in terms of the phasor of the corresponding quantities in the form curl curl A + j · ωγ µA = µJ ext . (2) Here, ω denotes the angular frequency. But the magnetic permeability of ferromagnetic parts is not supposed to be a constant; it is always assigned to the local value of magnetic flux density |B| in every cell of the discretization mesh, which is realized by a specific iteration process.
The harmonic magnetic field generates in the wheel induced currents whose density J ind is given by the expression
These currents produce local time average volumetric losses w J given by the expression
which represent the local sources of heat. Further losses produced in the steel body transforming into heat are the time average hysteresis losses w m . Their value is, however, substantially smaller and may be neglected without any significant error.
The time-dependent distribution of the temperature T in the system wheel-inductor is then described by the heat transfer equation in the form [21] 
where λ is the thermal conductivity, ρ denotes the specific mass, and c p stands for the specific heat at constant pressure. During the process of heating w = w J from (4), and during the process of cooling w = 0.
The boundary condition along the external surface S of the wheel can be written in the form
where α stands for the coefficient of convective heat transfer, T S is the surface temperature, T ext is the temperature of ambient medium and n denotes the direction of the outward normal to the surface S of the system at a given point. Moreover, σ is the Stefan-Boltzmann constant, C denotes the coefficient of emissivity that may also include the configuration factor and multiple reflections [22] and T r represents the temperature of the surface to which heat from the system is radiated.
All material parameters occurring in (2) and (5) (magnetic permeability µ, electrical conductivity γ , thermal conductivity λ, mass density ϱ and specific heat capacity c p ) are nonlinear functions of the temperature T and these nonlinearities are respected.
The numerical solution to the problem was realized by the second-order finite element method in the hard-coupled formulation. The computations were carried out in the environment of code FLUX3D supplemented with a number of own procedures and scripts. Considerable attention was paid to selected numerical aspects of the solution, mainly to the convergence of results in the dependence on the density of discretization meshes for both magnetic and temperature fields and also on the position of the artificial boundary in the case of magnetic field.
The authors also developed several scripts and implemented them to the basic environment, which allowed repeating all computations for varying material parameters in order to obtain data necessary for the sensitivity analysis.
Illustrative example
The hardened wheel for automotive industry with 41 teeth is made of steel 50 CrMo 4. Its CCT diagram is shown in Fig. 1 . The magnetization characteristic of this steel at the room temperature is depicted in Fig. 7 [23] and the temperature variations of relative permeability are supposed to obey the following formula [24] µ r (B,
Here, the symbol µ r (B, T 0 ) denotes the value of the relative magnetic permeability at the room temperature, symbol T C stands for the Curie temperature of the used steel (its value being 760°C) and constant C = 40.
Other important physical parameters (electric conductivity γ , thermal conductivity λ and specific heat ϱc p ) as functions of temperature are given in Table 1 . The values given in the above table exhibit some uncertainty following from the possible differences in the chemical composition of steel and accuracy of the measurements. That is why the computations will be performed for two more cases -characteristics in Table 1 shifted by 5% up and down. The aim is to find how possible variations in particular parameters affect the time evolution of the temperature profile of the tooth. For illustration, the situation is depicted in Fig. 8 where the tabulated dependence of thermal conductivity is represented by the full line, while the dependence +5% is the dashed line and −5% is the dotted line. 
Table 1
Temperature dependences of selected physical parameters of steel 50 CrMo 4. Due to symmetry (see Fig. 5 ), only a sector containing one half of a tooth is analyzed. Along its edges the conditions of antiperiodicity are prescribed.
First, the inductor carries field current 4300 A at frequency f = 10 kHz. At the moment when the average temperature of the tooth root reaches 1000°C, the current source is switched and the final part of heating is realized by the field current I = 400 A at frequency f = 100 kHz.
The coefficient of convective heat transfer for heating in air environment α h = 15 W m The number of the nodes for electromagnetic computations was 14,761, the number of line elements was 847, the number of surface elements was 10,747 and the number of the volume elements was 81,225. As for thermal computations realized only the metal subregions, these numbers were about three times lower. The computation of one example took approximately 8 h on a top-quality PC.
Next figures show the most important results calculated on one quarter of a tooth, see Fig. 9 .
Figs. 10-12 show the distributions of magnetic flux density B, specific Joule losses w J and temperature T , respectively, over the surface of this body at the end of heating for the nominal values of the material parameters. Magnetic flux density in the tooth is very low, because its permeability at temperatures exceeding the Curie point of the material is almost equal to the permeability of air. The specific Joule losses reach their maximums in the surface layers near the tip and root of the tooth while the highest temperatures can be found only at the tips. Even when specific Joule losses near the roots are also high, heat is there transported by conduction to the deeper layers of the wheel where the temperature is substantially lower.
Next three figures show the distributions of the temperature at the end of heating along the line points 1-20 (front edge of the tooth) in Fig. 9 for varying material parameters. The line contains 20 equidistantly distributed points at which the corresponding temperatures were calculated. Finally, Fig. 16 shows the time evolution of temperature at points 1 and 20 (see Fig. 9 ). As the time of cooling below the martensite temperature is about 3 s, the resultant hardness of the surface layers of the tooth is over 700 HV (see Fig. 1 ). This value very well corresponds with the industrial experience. 
Conclusion
The paper presents a 3D numerical analysis of nonlinear hardening process of a gear wheel, with respect to the temperature dependences of all material parameters. Besides the mapping of the process itself, the authors also tested the influence of uncertainties of these parameters on the results.
The results (both the temperature profiles and the final hardness) are in very good accordance with the practical experience, even when the uncertainties in the material parameter lead to their variances. Numerous computations show that the most distinct is the influence of specific heat capacity, as follows from Fig. 15 . Here, the difference in the temperatures at the end of heating reaches about 50°C, which represents almost 6%.
The resultant hardness of teeth depends, however, on the time of their cooling. And when this time is on the order of seconds, it exceeds 700 HV, which usually satisfies all operation demands.
Further work in the domain will be aimed at the development of faster algorithms based on parallel computations where possible.
